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We show that any locally-fat (or (α,β)-covered) polyhedron with convex fat faces can be
decomposed into O (n) tetrahedra, where n is the number of vertices of the polyhedron.
We also show that the restriction that the faces are fat is necessary: there are locally-
fat polyhedra with non-fat faces that require Ω(n2) pieces in any convex decomposition.
Furthermore, we show that if we want the tetrahedra in the decomposition to be fat
themselves, then their number cannot be bounded as a function of n in the worst case.
Finally, we obtain several results on the problem where we want to only cover the
boundary of the polyhedron, and not its entire interior.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
Polyhedra and their planar equivalent, polygons, play an important role in many geometric problems. From an algorithmic
point of view, however, general polyhedra are unwieldy to handle directly: several algorithms (see the end of this section
for some examples) can only handle convex polyhedra, preferably of constant complexity. Hence, there has been extensive
research into decomposing polyhedra (or, more generally, arrangements of triangles) into tetrahedra or other constant-
complexity convex pieces. The two main issues in developing decomposition algorithms are (i) to keep the number of
pieces in the decomposition small, and (ii) to compute the decomposition quickly.
In the planar setting the number of pieces is, in fact, not an issue if the pieces should be triangles: any polygon admits
a triangulation, and any triangulation of a polygon with n vertices has n − 2 triangles. Hence, research focused on develop-
ing fast triangulation algorithms, culminating in Chazelle’s linear-time triangulation algorithm [10]. An extensive survey of
algorithms for decomposing polygons and their applications is given by Keil [14].
For 3-dimensional polyhedra, however, the situation is much less rosy. First of all, not every non-convex polyhedron
admits a tetrahedralization: there are polyhedra that cannot be decomposed into tetrahedra without using Steiner points.
Moreover, deciding whether a polyhedron admits a tetrahedralization without Steiner points is NP-complete [17]. Thus we
have to settle for decompositions using Steiner points. Chazelle [9] has shown that any polyhedron with n vertices can be
decomposed into O (n2) tetrahedra, and that this is tight in the worst case: there are polyhedra with n vertices for which
any decomposition uses Ω(n2) tetrahedra. (In fact, the result is even stronger: any convex decomposition—a convex decom-
position is a decomposition into convex pieces—uses Ω(n2) pieces, even if one allows pieces of non-constant complexity.)
Since the complexity of algorithms that need a decomposition depends on the number of pieces in the decomposition, this
is rather disappointing. The polyhedron used in Chazelle’s lower-bound example is quite special, however, and one may
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74 M. de Berg, C. Gray / Computational Geometry 43 (2010) 73–83Fig. 1. (a) A locally-fat polygon. Note that only the part of the intersection containing the center of the circle is counted. (b) An object that is approximately
1/4-fat, but not locally-1/4-fat.
Fig. 2. An (α,β)-covered polygon with diameter 1.
hope that polyhedra arising in practical applications are easier to handle. This is the topic of our paper: are there types of
polyhedra that can be decomposed into fewer than a quadratic number of pieces?
Erickson [12] has answered this question aﬃrmatively for so-called local polyhedra (see below) by showing that any such
3-dimensional polyhedron P can be decomposed into O (n logn) tetrahedra and that this bound is tight. We consider a
different class of “realistic” polyhedra, namely fat polyhedra.
Types of fatness. Before we can state our results, we ﬁrst need to give the deﬁnition of fatness that we use. In the study
of realistic input models [8], many deﬁnitions for fatness have been proposed. When the input is convex, most of these
deﬁnitions are basically equivalent. When the input is non-convex, however, this is not the case: polyhedra that are fat
under one deﬁnition may not be fat under a different deﬁnition. Therefore we study two different deﬁnitions.
The ﬁrst deﬁnition that we use was introduced by De Berg [4]. For an object o and a ball B whose center lies inside o, we
deﬁne B  o to be the connected component of B ∩ o that contains the center of B—see Fig. 1(a). An object o is locally-γ -fat
if for every ball B that has its center inside o and which does not completely contain o, we have vol(B  o)  γ · vol(B),
where vol(·) denotes the volume of an object. We call an object locally fat if it is locally γ -fat for a ﬁxed constant γ . If
we replace  with ∩—that is, we do not restrict the intersection to the component containing the center of B—then we
get the deﬁnition of fat polyhedra proposed by Van der Stappen [18]. Note that for convex objects the two deﬁnitions are
equivalent. Hence, for convex objects we can omit the modiﬁer “locally” from the terminology. For non-convex objects the
deﬁnitions are not equivalent: a polyhedron that is fat under Van der Stappen’s deﬁnition can have skinny pieces, unlike
locally-fat polyhedra—see Fig. 1(b).
The second deﬁnition is a generalization of the (α,β)-covered objects introduced by Efrat [11] to 3-dimensional objects.
A simply-connected object P in R3 is (α,β)-covered if the following condition is satisﬁed: for each point p ∈ ∂ P there is a
tetrahedron T p ⊂ P with one vertex at p that is α-fat and has minimum edge length β · diam(P ), where ∂ P denotes the
boundary of P and diam(P ) denotes the diameter of P—see Fig. 2. Here a tetrahedron is called α-fat if it is α-fat under the
deﬁnition of Van der Stappen. (Equivalently, we could deﬁne a tetrahedron to be α-fat if all its solid angles are at least α.)
The tetrahedron T p is called a good tetrahedron for p.
As observed by De Berg [4] the class of locally-γ -fat objects is strictly more general than the class of (α,β)-covered
objects: any object that is (α,β)-covered for some constants α and β is also locally-γ -fat for some constant γ (depending
on α and β), but the reverse is not true.
For comparison, let us also give the deﬁnition of a local polyhedron P [12]. To this end, deﬁne the scale factor at a vertex
v of P as the ratio between the length of the longest edge incident to v and the minimum distance from v to any other
vertex. The local scale factor of P is now the maximum scale factor at any vertex. The global scale factor of P is the ratio
between the longest and shortest edge lengths of the whole polyhedron. Finally, P is called a local polyhedron if its local
scale factor is a constant, while its global scale factor is polynomial in the number of vertices of P . It is easy to see that
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base is local but not fat—while fat polyhedra need not be local—a polyhedral model of a cylinder, for example, becomes less
and less local as it gets reﬁned, but its fatness remains above a constant.
Our results. First we study the decomposition of (α,β)-covered polyhedra and locally-γ -fat polyhedra into tetrahedra. By
modifying Chazelle’s polyhedron so that it becomes (α,β)-covered, we obtain the following negative result.
• There are (α,β)-covered (and, hence, locally fat) polyhedra with n vertices such that any decomposition into convex
pieces uses Ω(n2) pieces.
Next we restrict the class of fat polyhedra further by requiring that their faces should be convex and fat, when considered
as planar polygons in the plane containing them. For this class of polyhedra we obtain a positive result.
• Any locally-fat polyhedron (and, hence, any (α,β)-covered polyhedron) with n vertices whose faces are convex and fat
can be decomposed into O (n) tetrahedra in O (n logn) time.
Several applications that need a decomposition or covering of a polyhedron into tetrahedra would proﬁt if the tetrahedra
were fat—see the discussion of applications below. In the plane any fat polygon can be covered by O (n) fat triangles, as
shown by Van Kreveld3 [15]. We show that a similar result is, unfortunately, not possible in 3-dimensional space.
• There are (α,β)-covered (and, hence, locally-fat) polyhedra with n vertices and convex fat faces such that the number
of tetrahedra in any covering that only uses fat tetrahedra cannot be bounded as a function of n.
For some applications—ray shooting is an example—we do not need a decomposition of the full interior of the given poly-
hedron P ; instead it is suﬃcient to have a boundary covering, that is, a set of objects whose union is contained in P and
that together cover the boundary of P . Interestingly, when we consider boundary coverings there is a distinction between
(α,β)-covered polyhedra and locally-fat polyhedra:
• The boundary of any (α,β)-covered polyhedron P , can be covered by O (n2 logn) fat convex constant-complexity poly-
hedra, and there are (α,β)-covered polyhedra that require Ω(n2) convex pieces in any boundary covering. If the faces
of the (α,β)-covered polyhedron are fat, convex and of approximately the same size (that is, there exists a constant c
such that for all pairs of faces f1 and f2, diam( f1) c · diam( f2)), then the boundary can be covered with only O (n)
convex fat polyhedra. On the other hand, the worst-case number of convex pieces needed to cover the boundary of a
locally-fat polyhedron cannot be bounded as a function of n.
Finally, we consider boundary coverings using so-called towers [1]—see Section 3 for a deﬁnition. Such coverings are
useful for ray shooting if they are deﬁned with respect to a constant number of “canonical” directions. We show that there
is again a difference between (α,β)-covered polyhedra and locally-fat polyhedra.
• The boundary of any (α,β)-covered polyhedron can be covered by O (1/(αβ)5) towers with O (1/α) canonical direc-
tions. However, given an integer k and a constant-size set of canonical directions, there exist families of locally-γ -fat
polyhedra that require at least k towers (constructed with respect to the given directions) to cover their boundaries.
Table 1 summarizes our results.
Applications. As already mentioned, decomposing polyhedra into tetrahedra or other convex pieces is an important prepro-
cessing step in many applications. Below we mention some of these applications, where our results help to get improved
performance when the input polyhedra are fat.
Hachenberger [13] studied the computation of Minkowski sums of non-convex polyhedra. To obtain a robust and eﬃcient
algorithm for this problem, he ﬁrst decomposes the polyhedra into convex pieces. Our results imply that this ﬁrst step can
be done such that the resulting number of pieces is O (n) if the input polyhedra are locally fat with fat faces, while in
general this number can be quadratic.
Another application is in computing depth orders. The best-known algorithm to compute a depth order for n tetrahedra
runs in time4 O (n4/3+ε) [3]. De Berg and Gray [6] recently showed that for fat convex polyhedra of constant complexity,
this can be improved to O (n log3 n). Our results imply that any constant-complexity (α,β)-covered polyhedron can be
3 Van Kreveld’s deﬁnition of fatness is slightly different from any that we have given before: he deﬁnes a δ-corridor to be a convex quadrilateral with
vertices p1, p2, p3, p4 such that  p1p2p3 =  p2p3p4 and  p3p4p1 =  p4p1p2, and |p1p2| = |p3p4| = (1/δ)max{|p2p3|, |p1p4|}. A simple polygon in this
deﬁnition is δ-fat if for any two edges e and e′ of P , and any four points p1, p2 ∈ e and p3, p4 ∈ e′ that are vertices of a γ -corridor Q such that the
interior of Q is contained in the interior of P , it follows that γ  δ.
4 Such a bound means that, for any ﬁxed constant ε > 0, one can tune the algorithm such that it runs in time O (n4/3+ε).
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Overview of results on decomposing and covering polyhedra. An entry marked × means that the corresponding decomposition or covering is not always
possible. (For example, since general polyhedra can have arbitrarily sharp vertices, they cannot always be decomposed into fat tetrahedra.)
decomposition of interior by covering of boundary by
tetrahedra fat tetrahedra fat convex polyhedra towers
general Θ(n2) [9] × × unbounded
local Θ(n logn) [12] × × unbounded
locally fat Θ(n2) unbounded unbounded unbounded
with fat faces Θ(n) unbounded unbounded unbounded
(α,β)-covered Θ(n2) unbounded O (n2 logn), Ω(n2) Θ(1)
with fat faces Θ(n) unbounded O (n2 logn) Θ(1)
decomposed into constant-complexity fat convex polyhedra. It can be shown that this is suﬃcient to be able to use the
depth-order algorithm of [6]. Similarly, our results imply that the results from De Berg and Gray [6] on vertical ray shooting
in convex polyhedra extend to constant-complexity (α,β)-covered polyhedra. Finally, our results on boundary coverings
with towers imply that we can use the method of Aronov et al. [1] to answer ray-shooting queries in (α,β)-covered
polyhedra in O ((n/
√
m) log2 n) time with a structure that uses O (m1+ε) storage, for any n m  n2. This is in contrast to
the best-known data structure for arbitrary polyhedra [3], which gives O (n1+ε/m1/4) query time with O (m1+ε) storage for
nm n4.
2. Decomposing the interior
In this section we discuss decomposing the interior of fat non-convex objects into tetrahedra. We start with decomposi-
tions into arbitrary tetrahedra, and then we consider decompositions into fat tetrahedra.
2.1. Decompositions into arbitrary tetrahedra
The upper bound. Let P be a locally-γ -fat polyhedron in R3 whose faces, when viewed as polygons in the plane containing
the face, are convex and β-fat. We will prove that P can be decomposed into O (n) tetrahedra in O (n logn) time.
In our proof, we will need the concept of density. The density [5] of a set S of objects in R3 is deﬁned as the smallest
number λ such that the following holds: any ball B ⊂ R3 is intersected by at most λ objects o ∈ S such that diam(o) 
diam(B).
We also need the following technical lemma.
Lemma 1. Let P be a convex β-fat polygon embedded in R3 where diam(P ) 1. Let C and C ′ be axis-aligned cubes centered at the
same point. Let the side length of C be 1 and the side length of C ′ be 2/
√
3. If P intersects C , then P ′ := P ∩ C ′ is β ′-fat for some
β ′ = Ω(β).
Proof. Since P must cross the region between C and C ′ to be different from P ′ , diam(P ) diam(P ′) (
√
3/3)− 1/2. Since
P is β-fat, this also implies that the area of P ′ is at least ((2
√
3− 3)/6)2βπ . Since the diameter of C ′ is 2, the diameter of
P ′ is at most 2. Since P ′ is convex, its fatness is determined by a circle whose center is placed at one of the vertices that
determines the diameter of P ′ . This implies that the fatness of P ′ is at least
π
( 2√3−3
6
)2
β
π22
= Ω(β). 
The following lemma shows that the set of faces of a locally-γ -fat polyhedron have low density if they are fat themselves.
Lemma 2. Let F P be the set of faces of a locally-γ -fat polyhedron P treated as polygons. If the faces of P are themselves β-fat and
convex, then F P has density O (1/γ β3).
Proof. Without loss of generality, let S be a sphere with unit radius. We wish to show that the number of faces f ∈ F P
with diam( f ) 1 that intersect S is O (1/γ β3).
Partition the bounding cube of S into eight equal-size cubes by bisecting it along each dimension. Consider one of the
cubes: call it C . Also construct an axis-aligned cube C ′ that has side length 2/
√
3 and is concentric with C . For all faces f
intersecting C that have diam( f ) 1, we deﬁne f ′ := f ∩ C ′ . By Lemma 1, we know that f ′ is β ′-fat for some β ′ = Ω(β).
Note that f ′ is either fully contained in C ′ or has a point inside C as well as outside C ′ . In the former case diam( f ′) 1,
and in the latter case diam( f ′) 12 · (2/
√
3 − 1). Hence, in both cases diam( f ′) 1/√3 − 1/2. Since f ′ is a β ′-fat convex
polygon with a diameter of at least 1/
√
3 − 1/2, it must contain a circle c of radius ρ = β ′(1/√3 − 1/2)/8 [18]. For any
such circle c, there is a face F of C ′ such that the projection of c onto F is an ellipse which has a minor axis with length at
least ρ/
√
2.
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We make a grid on each face of C ′ where every grid cell has side length ρ/2. We call the rectangular prism between
two grid cells on opposite faces of C ′ a box—see Fig. 3(a). Each face f ′ has an intersection with some box that is the entire
cross-section of the box. We assign each face to such a box.
We now consider the set of faces assigned to any one box b. There are two types of faces in this set—see Fig. 3(b).
For example, if b has its long edges parallel to the x axis, there are the faces that have the interior of P in the positive x
direction and the faces that have the interior in the negative x direction. We consider one type of face at a time. For each
face f i , we construct a sphere si with center on f i that is inscribed in b. Since P is locally-γ -fat,
vol(P  si) γ 4π3
(
ρ
4
)3
= γπρ
3
48
.
Since we only consider one type of face, (P  si) ∩ (P  s j) = ∅ for any s j = si . Therefore the number of faces of one type
that can cross one box is 8
√
3/γπρ . The number of faces that can cross one box is twice that. The number of boxes per
direction is(
2/
√
3
ρ/2
)2
= 16
3ρ2
and the number of directions is 3. Hence, the number of faces that can intersect S is at most
2 · 3 · 8
√
3
γπρ
· 16
3ρ2
= 256
√
3
πγρ3
.
Since ρ = Ω(β), this is O (1/γ β3). 
This leads to the following theorem.
Theorem1. Let γ and β be ﬁxed constants. Any locally-γ -fat polyhedronwith β-fat convex faces can be partitioned into O ((1/γ β3)n)
tetrahedra in O ((1/γ β3)2n + n logn) time, where n is the number of vertices of the polyhedron.
Proof. Let λ = 1/γ β3. We ﬁrst compute a BSP that has O (n/λ) leaf nodes where each leaf node contains O (λ) facets of P .
We can do this in O (n logn) time using the algorithm given in [5]. To reduce the number of facets per cell to zero, we
create an autopartition—a BSP where all splitting planes contain one of the input facets—on the facets in each cell. To do
this, we use the algorithm of Paterson and Yao [16], which requires O (λ3) time per cell and creates a BSP of size Θ(λ2) per
cell. Since there are O (n/λ) cells in the original BSP, our algorithm requires O (nλ2) = O (n/(γ β3)2) time in addition to the
amount of time needed to construct the initial BSP.
The cells of the autopartition are convex and contain no facets of P , so we can easily decompose all cells further into a
number of tetrahedra that is linear in the complexity of the autopartition. 
The lower bound. Next we show that the restriction that the faces of the polyhedron are fat is necessary, because there are
fat polyhedra with non-fat faces that need a quadratic number of tetrahedra to be covered.
The polyhedron known as Chazelle’s polyhedron [9]—see Fig. 4(b)—is an important polyhedron used to construct lower-
bound examples. We describe a slight modiﬁcation of that polyhedron which makes it (α,β)-covered and retains the
properties needed for the lower bound.
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Fig. 5. Cross-section of the polyhedron P shown with the cross-section of two good tetrahedra (shaded).
The essential property of Chazelle’s polyhedron is that it contains a region sandwiched between a set L of line segments
deﬁned as follows. Fix a small positive constant ε > 0. For an integer i with 1 i  n, deﬁne the line segment i as
i :=
{
(x, y, z): 0 x n + 1 and y = i and z = ix− ε}
and the line segment ′i as
′i :=
{
(x, y, z): x = i and 0 y  n + 1 and z = iy}.
Next deﬁne
L := {i: 1 i  n} ∪ {′i: 1 i  n}.
The region Σ := {(x, y, z): 1 x, y  n and xy − ε  z xy} between these segments has volume Θ(εn2). Chazelle showed
that for any convex object o that does not intersect any of the segments in L we have vol(o ∩ Σ) = O (ε). These two facts
are enough to show that Ω(n2) convex objects are required to cover any polyhedron that contains Σ but whose interior
does not intersect the segments in L.
Chazelle turns the set of line segments into a polyhedron by putting a box around L, and making a slit into the box
for each segment, as shown in Fig. 4(b). The resulting polyhedron has each of the segments in L as one of its edges, and
contains the sandwich region Σ . Hence, any convex decomposition or covering of its interior needs Ω(n2) pieces.
Chazelle’s polyhedron is not (α,β)-covered. We therefore modify it as follows. First of all, we make the outer box from
which the polyhedron is formed a cube of size 6n2 × 6n2 × 3n2 centered at the origin. Second, we replace the slits by long
triangular prisms—we will call the prisms needles from now on—sticking into the cube. Thus, for each segment in L, there
is a needle that has an edge containing the segment. We do not completely pierce the cube with the needles, so that the
resulting polyhedron, P , remains simple (that is, topologically equivalent to a sphere). Note that Σ is still contained in P ,
and that for each segment in L there is an edge containing it.
Next we argue that P is (α,β)-covered. First, consider a point p ∈ ∂ P on one of the needles, for example the point
p1 in Fig. 5, which is on the long, fully-visible needle. Assume without loss of generality that the needle is parallel to the
xz-plane. If p is near one of the needles going into the other direction, then the situation is as in Fig. 5. Note that the
distance between consecutive needles of the same orientation—that is, the distance between the small triangles in Fig. 5—
is at least 1. Moreover, we can choose the distance ε between the needles of opposite orientation—that is, the distance
between the small triangles and the long needle in Fig. 5—as small as we like. The same is true for the “width” of the
needles—that is, the size of the small triangles in the ﬁgure. Hence, we can make the construction such that we can always
put a good (that is, large and fat) tetrahedron at p.
Next, consider a point p ∈ ∂ P . It is easy to see that the only potentially diﬃcult points are the points near one of the
places where a needle “enters” the cube. The most dangerous case is when p lies exactly at a point where a needle enters
the cube, like the point p2 in Fig. 5. Note that the segments in L have slopes ranging from 1 to n, and that any needle
passes near the center of the cube—this is true since the cube has size 6n2 × 6n2 × 3n2, while the segments in L all pass at
a distance at most n from the cube’s center. Hence, the needles will intersect the bottom facet of the cube, and they make
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polyhedron seen by a point in the center. Note that the polyhedron is constructed so that a good tetrahedron just ﬁts at the points on the boundary inside
the central “tube”.
an angle of at least 45◦ with the bottom facet. This implies that, for any reasonable value of α (for instance, α = 1/100 will
do), we can place a good tetrahedron at p.
Finally, it is easy to see that for points p on a cube facet, and for points on a needle that are not close to a needle of
opposite orientation, we can also put a good tetrahedron. We can conclude with the following theorem.
Theorem 2. There are constants α > 0 and β > 0, such that there are (α,β)-covered polyhedra for which any convex decomposition
consists of Ω(n2) convex pieces, where n is the number of vertices of the polyhedron.
2.2. Decompositions and coverings with fat tetrahedra
When we attempt to partition non-convex polyhedra into fat tetrahedra, or other fat convex objects, the news is uni-
formly bad. That is, no matter which of the realistic input models we use (of those we are studying), the number of fat
convex objects necessary to cover the polyhedron can be made arbitrarily high. For polyhedra without fatness restrictions,
there are many examples which require an arbitrary number of fat convex objects for partitioning. In fact, for any constant
β > 0 we can even construct a polyhedron that cannot be covered at all by β-fat convex objects—simply take a polyhedron
that has a vertex whose solid angle is much smaller than β . It is also not hard to construct, for any given β > 0, a local
polyhedron that cannot be covered with β-fat convex objects. For instance, we can take a pyramid whose base is a unit
square and whose top vertex is at distance ε  β above the center of the base.
Next we show how to construct, for any given integer k > 0, an (α,β)-covered polyhedron of constant complexity and
with convex fat faces, which requires Ω(k) fat convex objects to cover it. First we observe that a rectangular box of size
1× (β/k)× (β/k) requires Ω(k) β-fat convex objects to cover it. Now consider the (α,β)-covered polyhedron in Fig. 6. The
essential feature of the construction in Fig. 6 is that from any point p along the long axis of the tube, one cannot see much
outside the tube. Thus any convex object inside P that contains p must stay mainly within the tube, and the tube basically
acts as a rectangular box of size 1× (β/k)× (β/k). Hence, Ω(k) β-fat tetrahedra are required in any convex covering of the
polyhedron. We obtain the following result.
Theorem 3. There are (α,β)-covered (and, hence, locally-fat) polyhedra with n vertices and convex fat faces, such that the number of
objects used in any covering by fat convex objects cannot be bounded as a function of n. Furthermore, for any given β > 0 there are
local polyhedra for which no convex covering with β-fat tetrahedra exists.
3. Covering the boundary
In the previous section we have seen that the number of fat convex objects needed to cover the interior of a fat non-
convex polyhedron P cannot be bounded as a function of n. In this section we show that we can do better if we only wish
to cover the boundary of P . Unfortunately, this only holds when P is (α,β)-covered; when P is locally fat, we may still
need an arbitrarily large number of fat convex objects to cover its boundary.
Recall that for each point p on the boundary of an (α,β)-covered polyhedron P , there is a good tetrahedron T p ⊂ P
with one vertex at p, that is, a tetrahedron that is α-fat and has minimum edge length β · diam(P ). We ﬁrst observe that
we can actually replace T p by a canonical tetrahedron, as made precise in the following lemma.
Lemma 3. Let P be an (α,β)-covered polyhedron. There exists a set C of O (1/α) canonical tetrahedra that are Ω(α)-fat and have
diameter Ω(β · diam(P )) with the following property: for any point p ∈ ∂ P , there is a translated copy T ′p of a canonical tetrahedron
that is contained in P and has p as a vertex.
Proof. For simplicity, we scale P such that β · diam(P ) = 1. Consider a unit cube C . Cover each face of C by a triangulated
regular grid consisting of O (1/α) triangles that each have area c · α for a suitable constant c and that are each O (α)-fat
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and have a side length of Ω(1). For each triangle we deﬁne a tetrahedron by adding the center of C as a fourth vertex—see
Fig. 7. This way we create a collection of O (1/α) canonical tetrahedra that are O (α)-fat and have diameter Ω(1).
We claim that for any point p ∈ ∂ P , there is a canonical tetrahedron with a vertex at p and contained in P . To see this,
consider a good tetrahedron T p for p. Place the cube C with its center at p. All edges of T p have length at least 1 so all
edges incident to p intersect the boundary of C . Moreover, for one of the facets, f , of C , the intersection f ∩ T p has area
Ω(α) (because T p is α-fat). Since the intersection is convex and has diameter at most 1, this implies it contains a square
of area Ω(α). Hence, we can indeed ﬁnd a suitable constant c, such that f ∩ T p will contain one of the triangles on f , thus
proving the lemma. 
Now we can prove that we can cover the boundary of an (α,β)-covered polyhedron with a bounded number of fat
convex objects.
Theorem 4. The boundary of an (α,β)-covered polyhedron with complexity n can be covered by O ((1/α)n2 logn) convex, fat,
constant-complexity polyhedra.
Proof. Let C be the set of canonical tetrahedra deﬁned in Lemma 3. Fix a canonical tetrahedron T ∈ C . Note that when we
put a translated copy of T at some point p ∈ ∂ P according to Lemma 3, we always put the same vertex, v , at p. (Namely,
the vertex coinciding with the origin before the translation.) For a face f of P , let f (T ) ⊂ f be the subset of points p on
f such that we can place T with its designated vertex v at p in such a way that T is contained in P . The region f (T )
is polygonal. We triangulate f (T ) (if f (T ) is non-empty), and for each triangle t in this triangulation, we deﬁne a convex
polyhedron by taking the union of all the translated copies of T that have v ∈ t (this boils down to taking the Minkowski
sum of t and T ). By doing this for all faces f , we get a collection CT of convex polyhedra that together cover
⋃
f f (T ).
We claim that every convex object o ∈ CT is fat. This follows from the fact that T is fat and that T cannot be much
smaller than t . Indeed, diam(T ) = Ω(β · diam(P )) = Ω(β · diam(t)).
Next, we claim that |CT | = O (n2 logn). This follows directly from the fact that the complexity of ⋃ f f (T ) is upper
bounded by the complexity of the free space of T , when it is translated amidst the faces of P . Aronov and Sharir [2] showed
that this free space has complexity O (n2 logn) and does not depend on the fatness of the polyhedra involved.
Finally, we observe that
⋃
T∈C
⋃
f f (T ) = ∂ P by Lemma 3. In other words, the convex objects in the set
⋃
T∈C CT
together cover the boundary of P . Therefore, since there are O (1/α) different canonical directions, the boundary can be
covered by O ((1/α)n2 logn) convex fat tetrahedra. 
Theorem 4 implies that the boundary of a constant-complexity (α,β)-covered polyhedron P can be covered by a con-
stant number of fat objects. Unfortunately, the number of convex objects used in the boundary covering grows quadratically
in the complexity of P . If P has convex fat faces that are roughly the same size, then the number of convex fat objects
required to cover the boundary reduces to linear.
Theorem 5. Let P be an (α,β)-covered polyhedron with convex β ′-fat faces. Further, let there be a constant c where, for any two faces
f1 and f2 of P , diam( f1)  c · diam( f2). Then the boundary of P can be covered by O ((c/β ′)2n) convex, fat, constant-complexity
polyhedra.
Proof. The proof is very similar to the proof of Theorem 4, with one simple change, namely that we shrink the canonical
tetrahedra such that their diameter is roughly the same as the size of the faces. Note that the sets CT still contain fat
objects. It remains to argue that each set CT has size O (n).
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space of a canonical tetrahedron T amidst the faces of P is the free space of a translating tetrahedron T in a low density
environment, whose obstacles (the faces) are not much smaller than T . Van der Stappen [18] has shown that such a free
space has O (n) complexity. 
We claim that any covering of the boundary of an (α,β)-covered polyhedron by fat convex objects requires Ω(n2)
pieces. To show this, we slightly modify our version of Chazelle’s polyhedron from the previous section. In particular, we
replace the edges of the needles that contain the segments in the set L by long and thin rectangular facets. The resulting
polyhedron is still (α,β)-covered, and it requires Ω(n2) fat convex polyhedra to cover the newly introduced facets.
Theorem 6. There are constants α > 0 and β > 0 such that there are (α,β)-covered polyhedra P for which any decomposition of ∂ P
into fat convex polyhedra requires Ω(n2) pieces.
The number of fat convex polyhedra necessary to cover the boundary of a polyhedron P that is not (α,β)-covered can
not be bounded as a function of n. To see this, we make a simple modiﬁcation to the polyhedron of Fig. 6. We reduce the
gaps that separate the interior “tube” from the rest of P to some arbitrarily small constant ε. This forces any fat convex
polyhedron that covers the part of the boundary of the polyhedron inside the tube to be inside the tube. Now for any k, we
can reduce the width and height of the tube until its boundary requires more than k fat convex polyhedra to be covered.
This example remains locally fat with fat convex faces and it is a local polyhedron. Note that P is no longer (α,β)-covered:
reducing the gaps that separate the tube from the rest of the polyhedron causes the points on the boundary inside the tube
to no longer have a good tetrahedron.
Theorem 7. There exist absolute constants β and γ such that for any given k, there exists a constant-complexity locally-γ -fat poly-
hedron with faces that are β-fat which requires at least k fat convex polyhedra to cover its boundary. This polyhedron is also a local
polyhedron.
3.1. Boundary covering by towers
Aronov et al. [1] have described a data structure for ray shooting in a set S of convex fat polyhedra. Their results use
a covering of the boundaries of the polyhedra in S by so-called towers. In this section we extend their results to (α,β)-
covered polyhedra. We could apply the results from the previous section for this: cover the boundary of each (α,β)-covered
polyhedron P by fat convex polyhedra, and then cover the boundary of those polyhedra by towers using the method of
Aronov et al. Unfortunately, this is not very eﬃcient, since the boundary covering presented in the previous section uses
O (n2 logn) convex polyhedra. Therefore we describe a direct method to cover the boundary by towers. Our method only
uses a constant number of towers per polyhedron.
Recall that a d-monotone polyhedron is a polyhedron P such that the intersection of P with any line parallel to direction
d is connected. Now a tower in direction d is deﬁned as a d-monotone polyhedron P with one designated facet, called its
base, that is an axis-parallel square lying below any point of P with respect to the direction d.
One way to obtain a tower that covers some part of the boundary of a polyhedron P is the following: take an axis-
parallel square s inside P , shoot a ray in direction d from each point p ∈ s, cut the ray at the point where it hits ∂ P , and
then take the union of the resulting set of segments. The part of ∂ P covered by the tower is exactly the part that is visible
from s in the direction d.
To obtain a set of towers covering the boundary of a fat convex object o, Aronov et al. proceed as follows. They take
two concentric cubes C−(o) and C+(o) such that C−(o) ⊂ o ⊂ C+(o) and such that the size of C+(o) is a constant integer
multiple, σ , of the size of C−(o). (The existence of two such cubes is guaranteed because o is fat; the exact value of σ will
depend on the fatness of o.) Then they divide the top face of C+(o) into σ 2 squares with a side length equal to that of
C−(o). Each square s′ on a facet of C+(o) deﬁnes a canonical direction, namely the direction d into which the corresponding
facet s of C−(o) has to be translated to make it coincide with s′ . The facet s of C−(o) deﬁnes a tower in direction d, of
which s itself is the base—see Fig. 8. This gives 6σ 2 = O (1) towers in total. For a convex object o, these towers together
cover ∂o.
It is important to note that the set of canonical directions does not depend on the speciﬁc polyhedra whose boundaries
the towers cover; it only depends on the fatness constant. If the set of canonical directions was inﬂuenced by speciﬁc
polyhedra, then the number of directions would quickly become too high as more polyhedra are input.
Next we explain how to get a set of towers covering the boundary of an (α,β)-covered polyhedron P . Recall that for
every point p ∈ ∂ P there is a good tetrahedron T p , that is, a tetrahedron that stays completely within P that is α-fat, has
minimum edge length β · diam(P ), and has p as a vertex.
Lemma 4. There is a set of O (1/(αβ)3) axis-aligned congruent cubes of edge length Ω(αβ · diam(P )) such that the good tetrahedron
T p of every point p ∈ ∂ P contains at least one such cube.
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Proof. Consider a good tetrahedron T p . Since it is α-fat and has minimum edge length β · diam(P ), it contains a ball Bp of
radius ρ = Ω(αβ · diam(P )). Halve the radius of this ball, while keeping its center at the same position, and let B∗p denote
the resulting ball. Let C be a bounding cube of P . If we put a suﬃciently ﬁne grid inside C , then B∗p must contain at least
one grid point. Since B∗p has radius Ω(αβ · diam(P )), and C has edge length at most diam(P ), it suﬃces to put a grid with
O (1/(αβ)3) grid points [7].
For each grid point q inside P , put a cube Cq centered at q with edge length ρ/2. If q ∈ B∗p , then Cq ⊂ Bp ⊂ T p . Since
there is a grid point q inside every B∗p , this implies we have a cube Cq inside every T p . 
We now have a collection C of O (1/(αβ)3) = O (1) cubes of size Ω(αβ · diam(P )). Next we construct a cube C+ of size
c ·diam(P ) where c is a constant such that P ⊂ C+ whenever the center of C+ is in P . Finally, we construct towers for each
cube C− ∈ C , by placing C+ concentric with C− and using the approach described above. Clearly, this gives us a set of O (1)
towers in total. Note that if C− ⊂ T p , then one of the towers created for C− covers p.
Theorem 8. The boundary of an (α,β)-covered polyhedron can be covered by O (1/(αβ)5) towers.
Proof. We already noted that the number of towers in our construction is O (1). (More precisely, it is O (1/(αβ)5), since we
have O (1/(αβ)3) cubes in C , and for each cube we generate O (1/(αβ)2) towers.) Moreover, each point p ∈ ∂ P is covered,
because C− ⊂ T p for at least one C− ∈ C . 
By slightly modifying the example from Theorem 7, we can see that the number of towers necessary to cover the
boundary of a polyhedron P that is not (α,β)-covered can not be bounded. Recall that we modiﬁed Fig. 6 so that the
“tube” in the middle of the polyhedron was very skinny and had arbitrarily small gaps to the rest of the polyhedron. If we
further modify the polyhedron so that the tube does not have its long axis parallel to one of the directions from D, then,
given k, we can force ∂ P to require more than k towers to be covered.5 As before, this polyhedron remains locally-fat with
fat faces and local.
Theorem 9. LetD be any given collection of a constant number of canonical directions, and call a tower canonical if it is a tower with
respect to a direction in D. There exist absolute constants β and γ such that for any given k, there exists a locally-γ -fat polyhedron
with faces that are β-fat which requires at least k canonical towers to cover its boundaries. This polyhedron is also a local polyhedron.
4. Concluding remarks
We studied decompositions and boundary coverings of fat polyhedra. Our bounds on the number of objects needed in
the decomposition (or covering) are tight, except for the bound on the number of convex fat polyhedra needed to cover the
boundary of an (α,β)-covered object. In particular, there is still a large gap for the case that the facets of the polyhedron
are also fat. It would be interesting to get tight bounds for this case.
5 One could, of course, “cheat” and deﬁne D so that it contained a direction parallel to the tube. However, as we have noted, D should not depend on
any speciﬁc polyhedron, as this would render the decomposition useless when applied to multiple polyhedra.
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